Introduction
Spherical mechanisms can be used as robotic mechanisms, hereafter called spherical manipulators. Their spherical structures are able to create a mechanically constrained remote center of motion ͑RCM͒ functioning like a virtual spherical joint. Therefore, such a manipulator could be applied as a shoulder joint, hip joint, or an orientation wrist in an industrial robot. In addition, spherical manipulators can also be used for the orientation of instruments or endoscopes in minimally invasive surgery ͑MIS͒ ͓1,2͔, as well as the orientation of infant surgical tables ͓3͔, due to the constrained motion involved in these tasks. Much effort has been devoted to various spherical mechanism topologies. Turner et al. ͓4͔ proposed a methodology for constructing spherical fourbar mechanisms using simpler machining processes and part geometries. Hamlin et al. ͓5͔ did a lot of work on spherical mechanisms for modular robots. Furlong et al. ͓6͔ created a virtual reality environment that could facilitate the design of spherical mechanisms. Belfiore ͓7͔ presented an atlas of spherical bevel gear mechanisms with up to nine links.
Kinematic structural design is an important means to improve the performance of robot manipulators. Many investigations for this have been pursued, especially in the recent past. However, most efforts focus on relations between properties and dimensions of parallel nonspherical mechanisms, as well as the kinematic optimization for their design. Liu et al. ͓8͔ presented a workspace and rotational capability analysis of a spatial 3DOF parallel manipulator. Kosinska et al. ͓9͔ presented a numerical method for the determination of the parameters of the Delta robot, for the prescribed cuboids and well-conditioned workspace. Zhao et al. ͓10͔ proposed a method to minimize leg length of parallel robots for a desired cylindrical dexterous workspace. Callegari et al. ͓11͔ discussed the design of a spherical parallel micromechanism with flexure hinges considering theoretical workspace and design limits. In the area of robotics for surgical applications, much effort has also been devoted to kinematic structural design. Li et al. ͓12͔ proposed an approach for designing spherical parallel mechanisms applied in laparoscopic surgery using a genetic algorithm ͑GA͒ approach. Wu et al. ͓13͔ proposed an optimal design approach for spherical parallel positioning devices for minimally invasive surgery considering motion/force transmissibility. Faraz et al. ͓14͔ discussed the synthesis of 3DOF spherical mechanisms for minimally invasive surgery.
Most investigations in design problems tend toward optimizing the workspace of a manipulator. However, a manipulator designed only for maximum workspace may not be a good design in practice. It is possible that the manipulator with maximum workspace has undesirable kinematic properties such as poor dexterity or manipulability.
Recent research in optimal design problems has addressed determination of optimal geometric parameters in accordance with multiple criteria. Pham et al. ͓15͔ proposed to maximize the workspace of a parallel flexure mechanism subject to the constraints on a global measure and a uniformity measure of manipulability. Kurtz et al. ͓16͔ proposed a hierarchy of objectives for optimization design of a parallel mechanism with the manipulability as the high-order objective while taking into account the uniformity of the manipulability as the low-order objective. Altuzarra et al. ͓17͔ presented an optimization process with the dexterity of the manipulator as one objective and a normalized workspace volume as a second objective. Liu et al. ͓18͔ proposed a new methodology for optimal kinematic design of parallel mechanisms using a performance-chart based design methodology. Kocabas ͓19͔ discussed a spherical gripper mechanism design based on deriving design limits, workspace formulas, and grasping force.
In this paper, an optimization methodology for design of spherical serial manipulators is proposed. The workspace, the consistent manipulability, and the size of a spherical serial mechanism are all considered as criteria linearly combined to form the objective function. The consistent manipulability is defined as a product of the global manipulability and the uniformity of the manipulability over the workspace. A good value of consistent manipulability will indicate a good and smooth manipulability profile throughout the workspace. In addition, physical constraints have also been considered for a practical design solution. A genetic algorithm
approach is used to deal with this problem since it is an efficient stochastic optimal search with superiority in terms of computing time and resistance to local minima.
The relation between each criterion and dimensions are studied to provide insight into the workings of a specific spherical serial mechanism. In addition, the relation studies also support the usefulness of the optimal design methodology by elucidating the influence of various criteria on optimization outcomes. This study presents a general approach for optimal design optimization of spherical serial mechanisms using GAs. By the examples presented, it also provides a foundation to study the relation between properties and dimensions of more general mechanisms.
Description of Spherical Mechanisms
2.1 Workspace Analysis. To design a mechanism, the key synthesis step is to determine the geometric parameters with respect to desired criteria, such as workspace, manipulability, and stiffness. A spherical manipulator may be expressed by a link parameter table as in the Denavit-Hartenberg ͑DH͒ method ͓20͔. Each transformation comprising a joint and a link has three structural parameters and one joint variable. For a link following a revolute joint, the variable is and the structural parameters are d, a, and ␣, which are constants for a given manipulator. For a link following a prismatic joint, the joint variable is d and the structural parameters are , a, and ␣. A manipulator consisting of n links has 4n variables. Numerical optimization on this set can become quite cumbersome. Therefore, reducing the number of independent dimensional parameters to a manageable set yet still representing the mechanism configuration will effectively simplify the optimization problem.
For a typical spherical serial mechanism, as shown in Fig. 1 , all the revolute joint axes intersect at one point ͑the rotation center or RCM͒, leading to a i ͑i =1,2, . . . ,n͒ being equal to zero. Though the choice of origin location for each revolute joint is arbitrary, generally it is chosen at the intersecting point in order to cause d i to be zero. All link angles ͑␣ 1 , ␣ 2 , . . . ,␣ n ͒ are then the design parameters of a spherical serial mechanism of this type.
It is clear that the workspace of spherical manipulators is a sector of a spherical surface; when radial motion is added, as with the robot described in this paper, this becomes a sector of a spherical shell. It is usually difficult to investigate the workspace of spherical serial mechanisms, as the shape of the workspace can be irregular and discontinuous when the physical constraints are considered. Research in this area has included workspace analysis of spherical serial mechanisms through creation of atlases ͓21͔.
In this study, for a 3DOF spherical serial mechanism, design parameters are just link angles, and the workspace will then only be related to parameters ␣ 1 and ␣ 2 . Therefore, the axis Z 2 will spin completely about the axis Z, as shown in Fig. 2 . A characteristic angle ͑⌽͒ then is defined as the angle between the axes Z and Z 2 . This angle reaches its maximum when all links of the mechanism are completely extended, and it can be expressed as
If interference between links is involved, there will be a minimum of ⌽ ͑⌽ min ͒ when all links of the spherical serial chain are completely folded. Therefore, ⌬⌽ = ͑⌽ max − ⌽ min ͒ can be used to express the workspace capability of a spherical serial mechanism. Angles between ⌽ max and ⌽ min can be reached by the end effector of the manipulator.
Kinematics.
The motion of the end effector of a general manipulator can be described by a forward kinematic mapping from the m-dimension joint space to n-dimension end-effector space:
where P R n denotes the coordinates in the end-effector space, R m denotes the set of m actuated joint inputs, and R k is the set of k kinematic design parameters, e.g., the link lengths and the joint angles. Conversely, the needed actuated joint inputs can be described by an inverse kinematic mapping from the n-dimension end-effector space to m-dimension joint space:
and the velocity mapping of a general manipulator takes the form
where J = J͑ , ͒ is the kinematic Jacobian matrix. For general mechanisms with geometric parameters of length, two configurations must be normalized before comparing their workspace generating capability. This is because increasing all the length parameters by a factor of k increases the workspace volume by k 3 , yet the configuration itself is unchanged. The best solution can be found among all normalized mechanisms, consequently avoiding an independent index of size. However, parameters of spherical serial mechanisms are just link angles. Normalization of angle parameters has no effect for performance analysis. Therefore, in the design index to be introduced later, the size ͑radius͒ of the spherical manipulator constrained by physical space or actuator limitations needs to be considered separately for spherical manipulators. 
͑5͒
The larger this measure, the closer the manipulator is to the isotropic configurations. Keeping l far from 0 ensures good manipulability. This measure is maximized by minimizing D l defined for each position:
The advantage of Yoshikawa's manipulability is that it can be expressed analytically as a function of the link angle. As a measure of manipulability, the determinant indicates both the absolute manipulability value and singularities.
3.1.2 Global Conditioning Index. Kinematic indices are, in general, dependent on the local position. To evaluate the global properties of the workspace, the global condition index ͑GCI͒, which is the ratio between the integration of condition index and the workspace volume, is defined ͓23͔. It gives a measure in the range 0 Ͻ D g Ͻ 1 that is independent of the size of the workspace.
͑ 7͒
The value of the above equation must be computed numerically as these functions do not have analytic form. Most researchers just sample the workspace and average the discrete sum of the local manipulability obtained at the sampled positions. Therefore,
For the sum to approximate the integral, the sampled positions should be evenly distributed across the workspace with sufficient density.
Uniformity of Dexterity.
Minimizing the global index D g is not enough to ensure a good design, as an integral measure represents an average and does not take into account any poor local behavior exhibited by the manipulator. Therefore, it gives no indication of the uniformity of manipulability over the workspace. A design candidate with good manipulability could be poor overall if there is any poor local behavior in its workspace. The uniformity of manipulability over the workspace could indicate if the design has such poor local behaviors or not. The relative variation of these measures should be kept as small as possible to make the dexterous regions more consistent and useful.
Some effort has been devoted to uniformity measures of manipulability. Kurtz et al. ͓16͔ employed the gradient measure of the local dexterity to formulate uniformity. By evaluating the maximal local uniformity over the workspace, the manipulability distribution can be described. However, this method is computationally expensive and is not able to reflect the global flatness of manipulability. In this study, a new method to evaluate the global uniformity of manipulability is defined by calculating its standard deviation. It is a global measure of flatness of the manipulability.
where D l max is the maximum of the local manipulability over the workspace, while D l min is the minimal local manipulability. The standard deviation in Eq. ͑9͒ is normalized by ͑D l max − D l min ͒ before comparing uniformity of different design candidates. The smaller the U is, the more uniform the manipulability is throughout the workspace. If U approaches 0, then the manipulability is uniform throughout the workspace. The advantages of the use of the standard deviation to evaluate the uniformity of manipulability include the relatively high computational efficiency and the global nature of evaluation of the manipulability throughout the workspace.
Consistent Manipulability.
Taken alone, uniformity of manipulability throughout the workspace is not necessarily good, as the manipulability could be uniformly bad, throughout. To solve this problem, a function to combine uniformity and manipulability together is defined by multiplying the global manipulability with uniformity for each configuration. A good value of their product will indicate high and uniform manipulability. In addition, as a single index, combination will significantly simplify the optimization routine.
The consistent manipulability index in terms of standard deviation is defined as
The goal is to minimize both D g and U ; therefore, the smaller the value of UD g , the better uniform manipulability one can get.
Workspace.
As only related to link angles, the workspace of a spherical serial mechanism could be evaluated by the angle between the axis Z of the base frame and the axis Z n of the end revolute joint.
The workspace is often desired to be maximized; however, most practical designs are constrained by physical space or collisions, consequently limiting the useful portion of the workspace. Therefore, the workspace index can be expressed as
where ⌽ c is the maximal angle allowed for physical space. The smaller W s is, the larger the workspace the design candidate can provide.
Size of Spherical Manipulators.
Practically, spherical manipulators always have their physical limits, which will greatly influence the size of the manipulator as well as the shape of the workspace. As presented above in the description of spherical mechanisms, the size of a spherical manipulator needs to be considered separately, as the radius of a spherical manipulator has no influence on kinematic performance. Mathematically, the size of a spherical manipulator can be expressed as follows.
For cases with minimal physical constraints,
where R p is the physical radius of the spherical manipulator, and R d is the constraint of minimal radius. The smaller this measure, the smaller the size of the mechanism is. R p should be larger than R d in an optimization search in this case. For cases with maximal physical constraints,
where R p is the physical radius of the spherical manipulator, and R d is the maximal constraint radius. 
where R d max and R d min are the maximal and minimal constraint radius, respectively, and R p is a value between them. The smaller this measure, the smaller the size of the mechanism is.
3.4 Objective Function. All these criteria, including workspace ͑W s ͒, consistent manipulability ͑UD g ͒, and size ͑S͒, are minimized to achieve desirable performance. A positive objective function F is designed to linearly combine these criteria and used to evaluate candidate solutions. The complete resulting objective function to evaluate the manipulator is
where k i is the weight of ith criterion and k 1 + k 2 + k 3 =1. By changing the priorities ͑k i ͒ of each criterion, various desirable performances with different emphases can be achieved. The optimization goal is then to find a set of design parameters ͑DPs͒, which minimizes the objective function ͑F͒ according to the priorities ͑k i ͒.
Genetic Algorithm
GA is an efficient stochastic optimal search method to solve complex and nonlinear problems. The idea for this method originated from natural evolution consisting of generation, selection, and mutation. It has the advantage of being resistant to local minima. In addition, a GA can also show superiority in terms of computing time over random search methods. GA has been successfully applied to optimization problems such as scheduling, optimal control, transportation problems, and engineering design. This method is robust because it simultaneously evaluates many points in the search space and converges toward the global optimal solution.
In general, an individual design candidate in a GA is represented as a fixed-length string of genes; each gene is regarded as carrying a genetic feature. An individual with better fitness is said to have some genetic features that are capable of solving the problem, and these features are expected to be propagated to the subsequent population by means of duplicating or recombining the gene sequence of parent populations. The operation of GA is an iteratively cyclic mechanism, as shown in Fig. 3 .
A penalty function method is used to handle the constraints and to ensure that the fitness of any feasible solution is better than infeasible ones.
Kinematic Optimization of CoBRASurge
5.1 Structure of CoBRASurge. Compact bevel-geared robot for advanced surgery ͑CoBRASurge͒ ͓1͔ is a compact surgical robotic assistant for MIS. As shown in Fig. 4 , it is based on a spherical bevel-geared mechanism consisting of three gear pairs and six turning pairs. CoBRASurge creates a mechanically constrained RCM with three rotational DOFs about the rotation center and one translational DOF passing through it. The rotation center coincides with the surgical entry port. A surgical tool or a camera can be fixed into the sleeve member ͑link 4͒ at the end of the articulated links. Such a robot can be employed for guiding surgical tools or positioning endoscopes ͓24͔. The equivalent openloop chain consisting of only turning pairs and revolute joints is shown in Fig. 5 . Due to the decoupled rotation DOF and transla- 274  275  276  277  278  279   280   281  282  283  284  285  286   287   288  289  290  291  292  293  294  295  296  297  298  299  300  301  302  303  304  305  306  307  308  309   310   311  312  313  314   315  316  317  318  319  320  321  322 tion DOF, the rotation capability of CoBRASurge can be optimized independently.
Expected Performance Requirements of CoBRASurge.
As a surgical robotic assistant for MIS, CoBRASurge should cover the dexterous workspace ͑DWS͒ ͓2͔, which contains 95% of surgical tool motion. The DWS for MIS is defined as a cone having a vertex angle of 60 deg with its tip located at the incision port. Also, the end effector should be orientated smoothly and dexterously for safety issues. Size is another concern as a cumbersome robot will cause unwanted interactions with other equipment or personnel in the operating room and also has a negative effect on robot dynamics and control. With these points in mind, the design goal is to find the optimal dimensions for a compact spherical bevel-geared manipulator, to obtain maximal workspace including the necessary DWS with maximal consistent manipulability.
Physical constraints are not negligible due to its particular application in surgical procedures. First, the maximal workspace constraint ⌽ c of 90 deg is required for link angles to provide a larger, open center space and avoid patient-robot collisions. Second, due to the unique method of surgical tool mounting, the inside diameter of link 4 should be larger than the diameter of surgical tools. In addition, the distance between the bottom surface of link 4 and the rotation center should be large enough to be compatible with existing trocars ͑incision port stabilization sleeves͒. Therefore, this optimization has a minimal physical constraint for radius R d . Finally, pitch angles for each bevel gear should be larger than 5 deg for a practical, stiff design solution.
5.3 Jacobian. Equation ͑17͒ is a general recursive expression of the velocity of the end effector. Following this equation, the velocity of the Z 4 axis ͑the unit longitudinal axis of the end effector͒ is first expressed in frame 4, as shown in Eq. ͑18͒. 43 only affects the self-rotation degree of freedom about the longitudinal axis of the end effector and will not affect the orientation of the longitudinal axis of the end effector. Thus, the left 3 ϫ 2 submatrix of the full 3 ϫ 3 Jacobian is taken to yield a 3 ϫ 2 version mapping the joint velocities to the end-effector velocity. 
΅ ͑21͒
By substituting the relations between actuated input angles and joint angles in Ref. ͓1͔, the Jacobian matrix of the mechanism can be written as
where 21 and 51 are the actuated input angular velocities for gear 2 and gear 5, respectively. N 53 is the gear ratio as determined by numbers of teeth. This version of the Jacobian is used here for calculating manipulability. Also, it illustrates that Yoshikawa's manipulability has advantages over other dexterity evaluation methods for spherical serial mechanisms as it avoids the need to find eigenvalues for nonsquare Jacobian matrices.
Workspace Analysis.
A general workspace of the spherical bevel-geared mechanism is just like the one shown in Fig. 2 , where ⌽ is defined as the angle between the Z axis of the fixed frame and the Z 4 axis of the end effector. Benefiting from its structural properties, the ⌽ max and ⌽ min can be directly determined by workspace investigation. It was found that the three important factors are three pitch angles, ␤ 3 , ␤ 4 , and ␤ 5 ͑shown in Fig. 5͒ , which, in fact, specify the link angles ͑␣ 2 by ␣ 2 = ␤ 3 + ␤ 5 and ␣ 3 by ␣ 3 = ␤ 3 + ␤ 4 ͒. The singularities are ⌽ max = ␣ 2 + ␣ 3 =2␤ 3 + ␤ 4 + ␤ 5 . ⌽ min can be expressed by ␤ 4 + ␤ 5 . Therefore, the workspace range of a spherical bevel-geared mechanism of this type can be expressed as
Obviously, ⌬⌽ can be treated as the maximal vertex angle of a cone that a particular spherical bevel-geared mechanism contains. Consequently, maximizing the vertex angle of a cone in this design problem is equivalent to maximizing ⌬⌽. Due to the aforementioned tool mounting method constraints ͑the end effector or tool is inserted into link 4, and the space between link 4 and the rotation center should contain a trocar͒, the inside diameter of link 4 has to be larger than the diameter of the end effector, typically 10 mm, and the distance L has to be larger than 65 mm for compatibility with existing trocars. Assume that the pitch radius of link 4 ͑r͒ is the same as its inner diameter to guarantee physical strength of gears; the relation between ␤ 4 and ͑r , L͒ can be then expressed as tan͑␤ 4 ͒ = r / L, as shown in Fig. 5 . Therefore, r and L not only affect ␤ 4 and ⌽ min but also the radius ͑physical size͒ of the spherical gear train. To involve these physical constraints in the optimization routine, ␤ 4 is replaced by this function of r and L, and consequently the geometric parameters for optimal design of CoBRASurge become ␤ 3 , ␤ 5 , r, and L.
Optimization Parameters.
The parameters used in this work are shown in Table 1 . These parameters have been set according to previous research in the evolutionary algorithms field ͓25,26͔ and have been verified to be the most efficient to implement for the genetic algorithm. They have been tested on the current simulation and seem reasonable considering the optimization results.
The bounding intervals for design variables are shown in Table  2 . These bounding intervals are chosen based on the preliminary study of the relation between the design parameters and the created workspace and also based on the size constraint of design specifications as a surgical robot including interlink collision avoidance ͓1͔. There are various priority level sets for each criterion due to different kinematic performance emphases. One of these sets is shown in Table 3 with more concern for manipulability.
The workspace between ⌽ max and ⌽ min for each design candidate was discretized evenly at 2 deg increments in azimuth and elevation.
Optimization Results
Complete optimization allows finding the best individual according to the objective function. This procedure was implemented using the genetic algorithm and direct search toolbox in MATLAB.
The algorithm can be considered reliable, as each simulation produces a similar profile of evolution. Figure 6 shows a typical evolution of the adaptation of the fitness of the robot. The algorithm shows good convergence. After 400 generations, the best individual fitness stays close to 0.266 and the average close to 0.290. It can be seen that the algorithm improves very fast in the beginning, while it converges much more slowly as it approaches the optimum.
Using the GA, optimal design parameters and the corresponding optimum objective function value can be obtained, as shown in Table 4 . The value of r is very close to the minimal pitch radius limit of 10 mm. With L = 83.2 mm, the pitch angle ␤ 4 is arctan͑r / L͒ = 7.3 deg. The value of ␤ 5 is very close to the minimal pitch angle limit of 5 deg, which suggests that both ␤ 4 and ␤ 5 degenerate to reduce ⌽ min subject to satisfying the physical constraints. This optimization result presents a design configuration of ⌽ max = 88.5 deg, ⌽ min = 12.5 deg, and ⌬⌽ = 76 deg, which really reflects the requirement of workspace maximization.
Relations of Dimensions and Criteria
As ␤ 4 and ␤ 5 are symmetrical in structure and have similar effect on kinematic performance, the following discussion focuses on investigating relations between properties and dimensions of CoBRASurge using all the combinations of ␤ 3 and ␤ 5 . Figure 7 shows the distribution of Yoshikawa's manipulability index at ͑␤ 3 , ␤ 5 , r , L͒ = ͑␤ 3 , ␤ 5 , 10.7, 83.2͒. For the spherical serial manipulator, optimizing the manipulability, the best design was achieved with ␤ 3 = 65 deg and ␤ 5 = 10 deg, as shown in Fig. 7 . In contrast, optimizing the uniformity, the best design was achieved with ␤ 3 = 5 deg and ␤ 5 = 7.5 deg, as shown in Fig. 8 . When optimizing the product combination of manipulability and its uniformity, the 
best design was achieved with ␤ 3 = 65 deg and ␤ 5 = 19.5 deg ͑shown in Fig. 9͒ . These results are summarized in Table 5 . The differences between the results for the three distinct cases presented in Table 5 are to be expected. If one chooses the design that optimizes the uniformity of manipulability, the resulting design should be more likely to reach only a narrow range of positions, with ␤ 3 tending toward zero. In fact, the resulting design in this position is in singularity with all links fully extended and the worst manipulability happens here. Therefore, the uniformity and the global manipulability have opposite trends. The resulting solution in terms of consistent manipulability will be a compromise of the manipulability optimization and uniformity optimization. In this particular case, the manipulability dominated the optimization of the consistent manipulability. However, this dominance is not always absolute, and it is dependent on the magnitude of each index. Although the inclusion of uniformity of manipulability in the consistent manipulability index seems to not significantly affect the result in optimizing the manipulability given the similarity between the first and third rows of Table 5 , the following examples with multiple criteria will illustrate that it does effectively improve the kinematic performance of the design result. Figure 10 shows the workspace generated by the resulting manipulator at ͑␤ 3 , ␤ 5 , r , L͒ = ͑␤ 3 , ␤ 5 , 10.7, 83.2͒. The larger the value of ␤ 5 , the larger the value of ⌽ min , leading to a poor workspace. In contrast, increasing the value of ␤ 3 will effectively increase the value of ⌽ max , leading to a good workspace capability. The transition of this trend happens when ⌽ max exceeds 90 deg. In those cases, the useful workspace is only inversely proportional to ␤ 5 and no longer related to ␤ 3 . The radius ͑physical size͒ of CoBRASurge is only dependent on r and L and is not plotted here since it is rather straightforward.
The fitness surfaces at ͑␤ 3 , ␤ 5 , r , L͒ = ͑␤ 3 , ␤ 5 , 10.7, 83.2͒ are shown in Figs. 11 and 12 . The only difference is that Fig. 11 employed the consistent manipulability in the objective function, while Fig. 12 used Yoshikawa's manipulability index. Using the same scale of fitness value, the fitness surface with consistent manipulability has lower magnitudes and slopes more gently than that generated using the traditional approach. The optimization results are listed in Table 6 . With the fixed values of r and L, the optimum result using consistent manipulability is achieved with ␤ 3 = 38 deg and ␤ 5 = 5.2 deg, while the optimum result using manipulability is achieved with ␤ 3 = 59.5 deg and ␤ 5 = 5 deg. The difference in the results is also expected as the former involving 
consistent manipulability leads to a more realistically useful design ͑it has essentially the same usable workspace, has physically smaller components, and has more uniform kinematic performance across its workspace͒. The property surface and results here are all based on the given weights for each criterion of the objective function, where k 1 = 0.2, k 2 = 0.6, and k 3 = 0.2. Changing the values of k i will express different sets of desirable kinematic performance, which will lead to different optimum results even using the same optimization routine. The influence of a single criterion on the design parameters is obvious by setting k 1 =1, k 2 =1, or k 3 = 1, respectively. As shown in Table 7 , the optimization emphasizing workspace capability ͑row 1͒ causes a decrease of ␤ 5 and r, and an increase of ␤ 3 and L. Such a set of design parameters can achieve a desired workspace capability ⌬⌽ as well as a small ⌽ min . The effect of emphasizing consistent manipulability ͑row 8͒ leads to the increase of ␤ 3 , ␤ 5 , and r, whereas emphasizing compact mechanism size ͑row 10͒ induces a minimum ␤ 3 and L. For multicriteria optimization, some objectives work together constructively rather than being in conflict. For example, both workspace capability and consistent manipulability result in an increased ␤ 3 ͑rows 3 and 5͒. However, more often, different criteria lead to opposite trends in the design parameters. For example, a good workspace capability requires that ␤ 3 and L increase, while a compact mechanism size induces a minimum ␤ 3 and L ͑rows 2 and 4͒. This conflict also exists in ␤ 5 and r subject to the criteria combination of a good workspace and a good consistent manipulability ͑row 3͒. As a result, the outcome is a trade-off of the criteria, and the one with highest preference will tend to dominate the optimization outcome. The designer can measure the overall performance of the design candidates based on a composite of the preferences of these goals.
Observations Using Pareto Graphs
The multiobjective optimization problem is also solved by means of Pareto efficiency ͓27͔. The three criteria are set as three individual objective functions to be optimized. The lower and upper bounds of the design variables are the same as in Table 2 . A multiobjective genetic algorithm ͑MOGA͒ in MATLAB was used to obtain the Pareto frontier based on the size, the workspace, and the consistent manipulability. The MOGA parameters are given in Table 8 . Compared with the regular GA, the MOGA uses Pareto efficiency to process and analyze the individuals of each population in the current generation. It then returns the output variables on the Pareto frontier for the feasible solutions in the next generation. At the end, the Pareto-optimal solutions are obtained from the generated feasible solutions.
The Pareto frontier for optimization of CoBRASurge parameters is shown in Fig. 13 . The Pareto frontiers for the bi-objective optimization GA are shown in Fig. 14-16 . All the points on this Pareto frontier are feasible solutions and the designers can find a fair compromise solution on this surface respecting all three objectives. Also, a set of weight coefficients can be assigned to the generated feasible solutions. Using the linear combination of Eq. ͑16͒, the optimal solution associated with the particular weight coefficients can be found on the Pareto frontier. Some optimal design solutions based on three different sets of weight coeffi- Table 6 Optimization results using different manipulability indices 
cients are outlined in Table 9 . They are highly consistent with the results obtained using the proposed optimization method in Sec. 7. Figure 17 illustrates the interdependency between the objective functions by means of a scatter matrix. The lower triangular part of the matrix represents the correlation coefficients, whereas the upper shows the corresponding scatter plots. The diagonal elements represent the probability density charts of each objective function. The correlation coefficients vary from 0 to 1. Two variables are strongly ͑linearly͒ dependent when their correlation coefficient is close to 1. One should note that although high correlation indicates high dependence, low correlation does not always necessarily imply independence. All three objective functions are strongly dependent as their correlation coefficients are greater than 0.728. S and W s are more highly interdependent than UD g . S and W s are conflicting as are S and UD g , while W s and UD g are constructive. Figure 18 illustrates the variational trends between the objective functions and design variables by means of the scatter matrix. It illustrates that the lower W s , the lower the values of the design variables ␤ 5 and r, and the higher the values of the design variables ␤ 3 and L. Other variational trends of the objective functions with respect to the design variables can also be found from Fig.  18 . It is noteworthy that the trends from Fig. 18 are consistent with the results and analysis from Table 7 . Table 10 lists the correlation coefficients between design variables and each objective function. All objective functions are dependent on all design variables, as the minimal correlation coefficient is 0.340. The design variables ␤ 3 and ␤ 5 have slightly greater effects on the three objective functions. S is more dependent on ␤ 3 , ␤ 5 , and L, W s is more dependent on ␤ 3 and ␤ 5 , and UD g is more dependent on ␤ 3 .
Extension to Other Mechanism Architectures
Based on the new consistent manipulability index, this optimization approach can be extended for use in improving performance of mechanisms generally, where multiple criteria including manipulability are of interest. As illustrated by example in the preceding sections, the steps in such an optimization might be expressed as follows:
͑1͒ Derive an appropriate Jacobian to describe the kinematic functionality. ͑2͒ Identify design parameters and express any constraints in terms of these. ͑3͒ Determine appropriate GA settings for the problem and anticipated solution space. ͑4͒ Formulate additional objectives in a way that is normalized ͑consistent with the way the consistent manipulability index is formulated͒. ͑5͒ Combine the objectives either using a linear combination or Pareto approach. ͑6͒ Perform multiple optimizations using different weighting or emphasis.
As already illustrated, using this optimization approach iteratively across a spectrum of weighting options can provide interesting insights into the interplay of the design parameters and their effects on the specific objectives. For smaller problems, it may be practical to explore the set of possible weighting values exhaustively, using evenly spaced sampling of the k i , for example. As this set of options grows exponentially with the number of objectives, it may not be convenient for larger or more complex problems. When this is the case, the set of k i used for the optimization runs may be determined using a fractional factorial or other similar approach.
Discussion and Conclusions
This study seeks a good formulation for optimal design of spherical serial mechanism and a suitable algorithm to solve it. Multiple criteria of optimization ͑workspace, manipulability, and size͒ are combined linearly in the objective function to meet practical needs in realistic applications. By multiplying the global manipulability and the uniformity of the manipulability throughout the workspace, the optimum result of a particular spherical serial mechanism can be effectively improved. In addition, physical constraints are well integrated for more practical solutions. The GA applied in the optimization is reliable and efficient. A relational study between dimensions and properties was conducted to find insights into the mechanism workings, which also validated the optimization method using GA. The optimization results using a Pareto efficiency GA with multiobjective goal functions further validate the feasibility of the linear combinations of the objective functions for the linkage analysis of the spherical serial mechanism.
The optimization method in this paper is very flexible and adaptable as one can choose through the fitness function any criteria with various weight coefficients to optimize whatever its form and relations with the design solutions. The new consistent manipulability index, in particular, is a general and extensible tool, and it can be used in conjunction with additional objectives and constraints appropriate to a given problem. Even though this methodology may not give unique solutions, this flexibility is actually its strength, and it provides a deeper insight into the mechanism design problem. 
